Mathematical Physics — PHZ 3113
Solutions Final (May 2, 2013)

Einstein’s convention is used in the following problems and
€;ji 1s the Levi-Civita tensor.

1. Calculate

€12k €21k — (1)
€ij3 €ij3 — (2)
€ijk €ijk — (3)
Solution:
€12k €21k = €123€213 = —1,
€ij3 €ij3 = €123 €123 T €213 €213 = +2,
€ijk €Cijk — 3l = +6 .

2. Rewrite the expression

€ijk €kim T aj (Al Bm) 3 (4)

where the z; are Cartesian unit vectors and 9; = % , into
J

(A) A vector product.

(B) A sum of scalar products.

Solution:
(A) The expression (4) is the definition of
V x (fY X E) :

1



(B) It can be transformed into a sum of scalar products:

€ijk €kim T aj (Al Bm) = (5z'l 5jm — im 5jl) iaj (Al Bm)

— (B-V) A+ A (V-B) - (E-v)é—g(vﬁ).

. Consider spherical coordinates. Calculate the time deriva-
tive A
o= 40
dt
of the unit vector 6 and express the result in spherical co-
ordinates.

Solution: From the definitions

r = sin(6) cos(¢p) T + sin(f) sin(¢) g + cos(0) 2,
0 = cos(0) cos(¢) @ + cos(0) sin(¢)y — sin(f) 2,
b = —sin(¢) T + cos(¢) y
we get

00

or ~

00 . .

55 = — sin(f) cos(¢) & — sin(0) sin(¢) y

—cos(f)z = —r,
00 / ) 9
96 = — cos(f) sin(¢) & + cos(f) cos(o) y



Therefore,

X 8@. aé. - A
0 = 896+8¢¢ = —0r+cos(f)po.

. Find the eigenvalues and (normalized) eigenvectors of the

matrix
+1 —1 0
—1 42 —1
0 —1 +1

Solution: The characteristic equation of the eigenvalue prob-
lem is

+1—X =1 0
det | —1 42—\ =1 | = =X 4+4X =3\ =0
0 S I

and the first eigenvalue is seen to be
A o= 0. (5)
Dividing A out gives the quadratic equation
N —4X+3 =0

from which the eigenvalues
L,
Ao3 = 2% 4—3:2j:1={ (6)

follow.



The eigenvector for A; = 0 follows from
+1 -1 0 V1
-1 +2 -1 vi| = 0.
0 —1 +1 vy

and
1 2 2 1
2 2 3
2 3 3 1

and the middle equation gives then v} = v{. Up to a =+

convention the first eigenvector becomes

The eigenvector for Ay = 1 follows from
0 —1 0 vy
-1 +1 —1 vs | = 0.
0 —1 0 vy

and

—v3 =0 = v5=0,
s +0—vy = 0 = v =—1uy

—v5 = 0.



The eigenvector for A3 = 3 follows from
-2 -1 0 v
-1 -1 —1 vi| = 0.
0 -1 -2/ \u3

and
1 2 _ 2 _ 1
—2v3 —v; = 0 = v = —2v;,
1,2 .3 _ 3_ 1 .2 _ 1 1_ 1
—U3 — V3 — V3 = 0 = v5 = —03 — U3 = —0U3 + 203 = U3
—v3 — 205 = 0

Up to a = convention the third eigenvector becomes

Consistency check: v; - v; = 9;;.



