
Mathematical Physics — PHZ 3113

Solutions Final (May 2, 2013)

——————————————————

Einstein’s convention is used in the following problems and

εijk is the Levi-Civita tensor.

1. Calculate

ε12k ε21k = (1)

εij3 εij3 = (2)

εijk εijk = (3)

Solution:

ε12k ε21k = ε123 ε213 = −1 ,

εij3 εij3 = ε123 ε123 + ε213 ε213 = +2 ,

εijk εijk = 3! = +6 .

2. Rewrite the expression

εijk εklm x̂i ∂j (AlBm) , (4)

where the x̂i are Cartesian unit vectors and ∂j = ∂
∂xj

, into

(A) A vector product.

(B) A sum of scalar products.

Solution:

(A) The expression (4) is the definition of

∇×
(
~A× ~B

)
.
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(B) It can be transformed into a sum of scalar products:

εijk εklm x̂i ∂j (AlBm) = (δil δjm − δim δjl) x̂i ∂j (AlBm)

= x̂i ∂j (AiBj)− x̂i ∂j (Aj Bl)

=
(
~B · ∇

)
~A + ~A

(
∇ · ~B

)
−
(
~A · ∇

)
~B − ~B

(
∇ · ~A

)
.

3. Consider spherical coordinates. Calculate the time deriva-

tive
˙̂
θ =

d θ̂

d t

of the unit vector θ̂ and express the result in spherical co-

ordinates.

Solution: From the definitions

r̂ = sin(θ) cos(φ) x̂ + sin(θ) sin(φ) ŷ + cos(θ) ẑ ,

θ̂ = cos(θ) cos(φ) x̂ + cos(θ) sin(φ) ŷ − sin(θ) ẑ ,

φ̂ = − sin(φ) x̂ + cos(φ) ŷ

we get

∂ θ̂

∂ r
= 0 ,

∂ θ̂

∂ θ
= − sin(θ) cos(φ) x̂− sin(θ) sin(φ) ŷ

− cos(θ) ẑ = −r̂ ,
∂ θ̂

∂ φ
= − cos(θ) sin(φ) x̂ + cos(θ) cos(φ) ŷ

= cos(θ) φ̂ .
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Therefore,

˙̂
θ =

∂ θ̂

∂ θ
θ̇ +

∂ θ̂

∂ φ
φ̇ = −θ̇ r̂ + cos(θ) φ̇ φ̂ .

4. Find the eigenvalues and (normalized) eigenvectors of the

matrix +1 −1 0

−1 +2 −1

0 −1 +1

 .

Solution: The characteristic equation of the eigenvalue prob-

lem is

det

∣∣∣∣∣∣
+1− λ −1 0

−1 +2− λ −1

0 −1 +1− λ

∣∣∣∣∣∣ = −λ3 + 4λ2 − 3λ = 0

and the first eigenvalue is seen to be

λ1 = 0 . (5)

Dividing λ out gives the quadratic equation

λ2 − 4λ + 3 = 0

from which the eigenvalues

λ2,3 = 2±
√

4− 3 = 2± 1 =

{
1 ,

3 .
(6)

follow.
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The eigenvector for λ1 = 0 follows from+1 −1 0

−1 +2 −1

0 −1 +1

 v11v21
v31

 = 0 .

and

v11 − v21 = 0 ⇒ v21 = v12 ,

−v21 + 2v21 − v31 = 0

−v21 + v31 = 0 ⇒ v31 = v11

and the middle equation gives then v21 = v11. Up to a ±
convention the first eigenvector becomes

v̂1 =
1√
3

1

1

1

 .

The eigenvector for λ2 = 1 follows from 0 −1 0

−1 +1 −1

0 −1 0

 v12v22
v32

 = 0 .

and

−v22 = 0 ⇒ v22 = 0 ,

−v22 + 0− v32 = 0 ⇒ v32 = −v12
−v22 = 0 .

Up to a ± convention the second eigenvector becomes

v̂2 =
1√
2

+1

0

−1

 .
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The eigenvector for λ3 = 3 follows from−2 −1 0

−1 −1 −1

0 −1 −2

 v13v23
v33

 = 0 .

and

−2v13 − v23 = 0 ⇒ v23 = −2v13 ,

−v13 − v23 − v33 = 0 ⇒ v33 = −v13 − v23 = −v13 + 2v13 = v13
−v23 − 2v33 = 0 .

Up to a ± convention the third eigenvector becomes

v̂3 =
1√
6

+1

−2

+1

 .

Consistency check: v̂i · v̂j = δij.
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