Mathematical Physics — PHZ 3113

Levi-Cevita Tensor 2 Applications
(January 14, 2013)

Group #
Participating students (print):

1. Write down the values of the cyclic per-
mutations of €193 and then of €313. Do
you get all 3D values this way? Which
are positive and which are negative?”

€123 = +1, €931 = +1, €312 =+1, (1)
€130 =—1, ez1 = —1, egi3=—1.(2)
We get all 6 non-zero values. The cyclic
permutations of €193 are +1 and the cyclic
permutations of €913 are —1.

2.In 3D

3 3
> Y €1:.a;b. = aoba — asb 3
21 €Lk @ Ok = azby — azby, (3)
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3 3

> Y €9ira;b. = azby — ab 4
21y 2k 4 bk = asbr — aibs, (4)
S b by — ash;  (5)

€3 a; b = a1by — a

3.1n 3D

$ % 8 e dab (6)

6.. :C-a/. —

i=1j21 k=1 IR R TR

1 (agbs — asbo) +
To (agby — arbs) +
3 (a1by — aghy) =

axb.

Definition of the determinant of

a nlD matrix:
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Ain




4.1In 2D
2 2

Z) E i 01i02) = €12011022 + (8)
€21012021 = a11G22 — 4120217 -
5. In 3D (using cyclic permutations)
3 3 3
igljgl k£1€ijk a17a2;a3f = 9)
+0a11a22a33 + a13021032 + 012023031
—a]11a23a32 — 13422031 — A12021033
Notice that this corresponds to a well
known rule for evaluating the determi-

nant of a 3 X 3 matrix.

6. Substitute in the previous expression
a1] = 21, ajp = T2, aj3 = 3. (10)

It becomes
3 3 3

-z jgl = €ijk TiG25A3};
21 (aga33 — as3azz)
T9 (agzaz) — ag1a33)
T3 (ag1a32 — aas;)

3

(11)



7. Substitute in the previous expression

as] = ai, ag = as, ay = as, (12)
az1 = by, agp =bo, asz3 ="bs. (13)

It becomes
3 3 3
SO Y €T = 14
i=1 =1 k=1 17k L1y Uk ( )

21 (agbs — agba) +

2 (agby — arbs) +

3 (a1by — agby) .

8.In 3D, write @ x b as determinant (book
p.23).

T1 T9 I3
axb=\|ay ays a3 (15)
by by b3

9. Proof the 3D identity
3
X €ijk€itm = 0ji0km — OjmOps (16)
by calculating the expression for the nine
possibilites of values for 5k, ie., 11, 12,
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13, 21, 22. 23, 31, 32. 33.

3
X €i1€itm = 0= 01101m — 01md1r

3
X €i12€6i0m = €312€3im = 01102m — 01m02 -
Now there are only two non-zero cases:
Im = 12 and Im = 21. One sees imme-
diately that left and right side of the last
equal sign agree in each case. Similarly,
this holds for the other values discussed

below.

3
X Ei13€ilm = €213€2m = 0193m — 01mO3/
3

X €i21€ilm = €321€3im = 02(01m — 02mO1;
3

X €220 = 0= 02109m — 02021

3

X €i23€ilm = €123€1m = 0203m — 02m03;
3

X €iB1Em = €231€2m = 03101m — 03m01;
3

X €i32€iIm, = €132€11m = 03102m — 03m02]



3

X €i33€ilm = 0 = 03193, — 03md3; -



