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Electrodynamics B (PHY 5347) Winter/Spring 2017 Solutions

Set 6:

14. Charge conjugation, parity and time reversal in electrody-

namics.

(1) Using the given values (−,+,+) for ρ as input, our (C,P, T ) results are

obtained as follows:

1. A0 ∼ ρ ⇒ (−,+,+) ,

2. ~J ∼ ~v ρ ⇒ (−,−,−) ,

3. ~A ∼ ~J ⇒ (−,−,−) ,

4. Ei = F i0 = ∂iA0 − ∂0Ai ⇒ (−,−,+) ,

5. Bk ∼ F ij = ∂iAj − ∂jAi ⇒ (−,+,−) ,

6. ~p =

∫
~x′ ρ(~x′) d3x′ ⇒ (−,−,+) ,

7. ~m =
1

2c

∫
~x′ × ~J(~x′) d3x′ ⇒ (−,+,−) .

(2) From the explicit matrix forms we find

Fαβ Fαβ = −2 ~E 2 + 2 ~B 2 = −∗Fαβ ∗Fαβ and ∗Fαβ Fαβ = −4 ~E · ~B .

Using the (C,P, T ) results above, we find (+,+,+) for Fαβ Fαβ and
∗Fαβ ∗Fαβ (proper scalars), and (+,−,−) for ∗Fαβ Fαβ (pseudoscalar).

15. Proca Lagrangian.

(1) From the calculation of the script/lecture we have

∂α
∂ L

∂ ∂αAβ
= − 1

4π
∂α F

αβ .

Now

∂ L
∂ Aβ

=
m2

8π

(
gβαA

α +Aαg
βα − 1

c
Jαg

βα

)
=
m2

4π
Aβ − 1

c
Jβ

and the Euler-Lagrange equation

∂α
∂ L

∂ ∂αAβ
=

∂ L
∂ Aβ

reads ∂α F
αβ +m2Aβ =

4π

c
Jβ .
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(2) With the Lorentz gauge condition ∂αA
α = 0 we have

∂α F
αβ = ∂α∂

αAβ − ∂α∂β Aα = ∂α∂
αAβ + 0

so that the Euler-Lagrange equation becomes

∂α∂
αAβ +m2Aβ =

4π

c
Jβ .

(3) The Proca Euler-Lagrange equation is not gauge invariant, but trans-

forms under the gauge transformation Aβ → Aβ + ∂βΛ into

∂α F
αβ +m2Aβ +m2∂βΛ =

4π

c
Jβ .

(4) Nevertheless the Lorentz gauge condition should hold: Taking the ∂β
derivative of the Euler-Lagrange equation we find

∂β∂α F
αβ +m2 ∂βA

β =
4π

c
∂βJ

β .

On the left-hand side ∂β∂α F
αβ is zero due to the usual argument (contrac-

tion of a symmetric with an antisymmetric tensor). On the right-hand side

we have ∂βJ
β = 0 due to charge conservation. So we end up with

∂βA
β = 0 .

16. Electromagnetic energy-momentum tensor.

(1) We have

T 00 = − 1

4π

(
g0µ Fµλ ∂

0Aλ − 1

4
g00 Fµλ F

µλ

)
= − 1

4π
F 0
λ ∂

0Aλ +
1

8π

(
~B 2 − ~E 2

)
and now

−F 0
λ ∂

0Aλ = +
∑
i

F 0i ∂0Ai = −
∑
i

[
Ei
(
∂0Ai − ∂iA0

)
+ Ei ∂iA0

]
= ~E 2 +∇ ·

(
~E Φ
)
.

In the last step the relations Φ = A0, ∇ · ~E = 0 and ∇ = (−∂i) were used.

Putting the above equations together, we have the desired result

T 00 =
1

8π

(
~E 2 + ~B 2

)
+

1

4π
∇ ·
(

Φ ~E
)
.
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(2) We have

Θ00 =
1

4π
F 0
λ F

λ0 +
1

16π
Fµλ F

µλ .

The first term can be re-written as

1

4π

3∑
i=1

F 0
iF

i0 =
1

4π

3∑
i=1

F 0iF 0i =
1

4π
~E 2

and the second term is known to be ( ~B 2 − ~E 2)/(8π) from our previous

problem. So the result is

Θ00 =
1

8π

(
~E 2 + ~B 2

)
Next, as g0i = 0 we have

Θ0i =
1

4π
F 0λF i

λ = − 1

4π

∑
j 6=i

F 0jF ji

i = 3 :

Θ03 = − 1

4π

(
F 01F 13 + F 02F 23

)
=

1

4π

(
E1B2 − E2B1

)
=

1

4π

(
~E × ~B

)3
.

Repeating this evaluation for i = 1, 2, we find for all components

Θ0i =
1

4π
F 0λF i

λ =
1

4π

(
~E × ~B

)i
.

For Θij , i 6= j we find

Θij =
1

4π
F iλF j

λ =
1

4π

F i0F 0j −
∑
k 6=i,j

F ikF kj

 = − 1

4π

(
EiEj +BiBj

)
.

For Θii with no summation over i we have

Θii =
1

4π

F i0F 0i −
∑
k 6=i

F ikF ki − 1

4
FαβF

αβ

 =

1

4π

[
−EiEi + ~B 2 −BiBi − 1

2

(
~B 2 − ~E 2

)]
=

− 1

4π

[
EiEi +BiBi − 1

2

(
~E 2 + ~B 2

)]
.
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All Θij together:

Θij = − 1

4π

[
EiEj +BiBj +

1

2
gij
(
~E 2 + ~B 2

)]
.


