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Electrodynamics B (PHY 5347) Winter/Spring 2017 Solutions

Set 7:

17. Lorentz force and energy-momentum tensor (E.77).

Given is

Θαβ =
1

4π

[
gαµ Fµλ F

λβ +
1

4
gαβ Fµλ F

µλ

]
,

we have

∂αΘαβ =
1

4π

[
∂µ
(
Fµλ F

λβ
)

+
1

4
∂β
(
Fµλ F

µλ
)]

=
1

4π

[
Fλβ ∂µ Fµλ + Fµλ ∂

µ Fλβ +
1

2
Fµλ ∂

β Fµλ
]
.

The last term is in this form due to
(
∂β Fµλ

)
Fµλ = Fµλ ∂

β Fµλ. Using

the inhomogeneous Maxwell equation, ∂µ Fµλ = (4π/c) Jλ,

∂αΘαβ = Fλβ
1

c
Jλ +

1

4π
Fµλ

(
∂µ Fλβ +

1

2
∂β Fµλ

)
.

Remembering the homogeneous Maxwell equation in the form

∂β Fµλ = −∂µ Fλβ − ∂λ F βµ ,

our expression becomes

∂αΘαβ = Fλβ
1

c
Jλ +

1

8π
Fµλ

(
∂µ Fλβ − ∂λ F βµ

)
= Fλβ

1

c
Jλ = −fβ

as (first re-naming summation indices, then using anti-symmetry)

Fµλ ∂
µ Fλβ − Fµλ ∂λ F βµ = Fλµ ∂

λ Fµβ − Fµλ ∂λ F βµ =

Fµλ ∂
λ F βµ − Fµλ ∂λ F βµ = 0 .

The same result is obtained starting with

Θαβ =
1

4π

[
Fαλ F

λβ +
1

4
gαβ Fµλ F

µλ

]
,
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18. Field energy of a sphere (E.78).

(1) For ~B = 0 the energy-momentum tensor is given by

Θ00 =
1

8π
~E 2 , Θi0 = Θ0i = 0 , Θij = − 1

4π
EiEj − gij ~E 2 .

Therefore,

P 0 =

∫
d3xΘ00 =

1

8π

∫
d3x ~E 2 and P i =

∫
d3xΘ0i = 0 .

Let q be the total charge on the sphere and we take the center of the sphere

at ~r = 0. By Gauss’ law the field is zero inside the sphere and

~E = E(r) r̂ =
q r̂

r2
outside .

So P 0(R) becomes

P 0(R) =
4π

8π

∫ ∞
R

r2 dr
q2

r4
= −q

2

2

1

r

∣∣∣∣∞
R

=
q2

2R
.

(2) Now

P 0 = me ⇒ R =
q2e

2me c2

where qe = 4.803 × 10−10 [esu], me = 0.911 × 10−27 [g], and c = 2.998 ×
1010 [cm/s]. From this we find

R =
(4.803)2 × 10−20

1.822× 10−27 × (2.998)2 × 1020
cm = 1.41× 10−13 cm = 1.41 fermi .

19. Covariant derivation of the wave equation for fields (E.82).

(1)

0 = εαβγδ∂β∂
β̂ ∗Fαβ̂ =

1

2
εαβγδεαβ̂γ̂δ̂∂β∂

β̂ F γ̂δ̂ =

1

2

(
−δβ

β̂
δγγ̂δ

δ
δ̂
− δβγ̂δ

γ

δ̂
δδ
β̂
− δβ

δ̂
δγ
β̂
δδγ̂

+δβ
β̂
δγ
δ̂
δδγ̂ + δβ

δ̂
δγγ̂δ

δ
β̂

+ δβγ̂δ
γ

β̂
δδ
δ̂

)
∂β∂

β̂ F γ̂δ̂ =

1

2

(
−∂β∂β F γδ − ∂β∂δ F βγ − ∂β∂γ F δβ

+∂β∂
β F δγ + ∂β∂

δ F γβ + ∂β∂
γ F βδ

)
.
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Using ∂βF
βα = 0 and the antisymmetry of the field tensor, this be-

comes

∂β∂
β F δγ = �F δγ = 0 ,

which is the wave equation for the fields.

(2) We find the wave equations

∂β∂
β F δγ = �F γδ =

4π

c

(
∂γJδ − ∂δJγ

)
.

with antisymmetric sources on the right-hand side.


