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Electrodynamics B (PHY 5347) Winter/Spring 2017 Solutions
Set 9

23. Wave with a finite extension (E.84).
We choose the wave vector in z-direction and make the ansatz
E(t, &) = [EBo(x,y) (& £ ig) + F(z,y) 5] e

with real functions Ey and F. Then
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Next we use the Maxwell equation
. 10B
VxE=—-—-—
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together with the assumption that F'(x,y) is a slowly varying function of
and y (i.e., 9F/dz ~ 0 and OF /0y ~ 0) to find
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Using w/c = k (for vacuum) gives

B~ Fi E .
The other Maxwell equations are consistent with these results. Example:

1
Eo(z,y) = ————, esmall, p=+/22+1y2.

cosh(ep)

24. Dispersion figure (E.90).
The plot is that of Lecture Notes, Figure 5.2.
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25. Faraday effect (birefringent light) (E.91).

We choose the magnetic field in z-direction, By = ByZ. Then
mft—i—mng =q. E" + quBo,
mij+mw8y:quy — q—eftBO.

c

These equations separate in circular coordinates

T 1 o
6123&25(%11@)7 xizﬁ(l':!:zy)v Ei:ﬁ(E FiEY).

With the ansatz Ey = EY exp(—iwt), v+ = 2 exp(—iwt) we get

mii—i—mwgmi:qui :I:i%:tiBo,
c

q
—mw?2l +muwisl =¢ EY Fw =2 By.
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from which we find the polarizations Py = N q. z%. This gives the indices
of refraction for the two circular polarized components:
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The propagation of the two components of circular polarized light in z-
direction is given by

Ej: :Ei eiki z—iwt

So we find

E_ E°

E:ﬂeia Wlth a:(k_—k+)z

which corresponds as shown after equation (5.50) of the lecture notes to a
rotation of the axis by

l
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when the light travels the distance z = [ along the z-axis. The wave stays
linearly polarized, while the direction of F changes when the wave pene-
trates into the medium:

E = (B &, + Byéy) eh=iwt
with the FE7, Ey coeflicients and & of the incoming wave and

€} = &1 cos(y) + & sin(y),

N

€, = —é; sin(y) + € cos(7y) .

26. Principal value integral (E.93).
Due to the fall-off behavior of the function f(z) a half-circle of radius
R about 0 in the upper half-plane does not contribute in the R — oo limit:

27
lim / dz f(z)| = lim / iRei¢f(z)d¢‘
R— o0 Crt R—oo | Jo
27 27
, do o
< . . i¢ -~ . &Y _ . “n )
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(1) For the contour of the first figure we obtain by the Cauchy integral
theorem
1 . f(z)dz . .
_ 1 _— = 1 = .
(2) For the contour of the second figure we obtain by the Cauchy integral
theorem
1 f(z)dz

— lim -
2w n—0 Jo, 2 — wr — N

= 0.

(3) We denote the half-circle of the first figure by Cy(wgr + in,n). To
evaluate the integral

I 1 I / f(z)dz
. = — lim SN
Ct (wr+in,m) 2 i 1—0 C (wntinm Z—wp — ,L'n

we use the Taylor expansion

f(z) = flwr+in)+ f(wr+in) (z —w, —in) + ...
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and note that for z on the half-circle |z — w, —in| = 1 holds. Therefore,
the integral becomes

1 dZ
I, ; -— i v 7 —wp —in
C(wrtinm) = 211 nli% f(w * '”7) /C+ (wr+inn) # ~ WR — i

1 d
+ — lim O( )/ 72
2w 1 n—0 Co(wr+inm) # — WR — 1)

where by explicit integration (compare a previous exercise) the integrals
for the half-circle Cy (wg + in,n) are now 7 i, so that we find
1 d 1
—— lim 7}‘(2) Z. = 5 f(wr)-
211 n—0 Cy(wrting) 2 — WR — 11 2
Similarly, we denote the half-circle of the second figure by C_ (wgr+in,n)
and find
1 . f(z)dz 1
7 SOE L en.
T 120 o (wpting) Z — WR 1N 2
because the integration is now in clockwise instead of anti-clockwise
direction.
For illustration, let us consider a half-circle about z = 0. Then,

I =—1
C+0m) = 975 W—%/c L0m 2
— — lim Z " / #dz
2mi =0 = nl o Jo g
and for the last integral we find

nd ™ . . ™ .
/ tdz / nield’dqﬁn"*lez(n*lw _ mn/ ein®de.
Cy(0m)  * 0 0

For n = 0 the result is ¢ 7w, while for n # 0 we find

in”/ ¢in gy — in" m¢|g _ 0 for n even
0 in 2n™ /n for n odd .

Therefore, only n = 0 survives the n — 0 limit and

f(z)dz 1
= 0.
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