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Electrodynamics B (PHY 5347) Winter/Spring 2017 Solutions
Set 10

27. Principal value integral (E.93).

A.

(4) Calculation of the principal value integral using the first contour be-

comes:
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(5) Calculation of the principal value integral using the second contour:
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As it has to be, the results for the principal value integral agree.

B. We assume that g(7) is for small 7 > 0 defined by the Taylor expan-
sion
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to find the asymptotic expansion of €y(w) for large |w|
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where all integrals are for w in the upper complex plane. Hence, we get
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So, we have the fall-off behavior O(Jw|72) for |w| — oo. In particular, in
the limit w; — 07 we get

Re[eo(wr) — 1] = O(wzr?) and Im[ep(wr) — 1] = O(wg?).

28. A relation for the group velocity (E.92).
Using the index of refraction, the dispersion relation reads
ck
k) = —.
w(k) )
Now, for the group velocity
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29. Kramers-Kronig relation in a model (E.94).
(1) The poles of €(w) are at
i i

2

As wf— > 0 we have for the imaginary parts the inequality

Vi

=4+ = =0.
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The poles are in the lower half-plane and the function is analytical in the
upper half-plane.

(2) Let = w? (real w). We have to differentiate the expression

Imw1/2 < -

f w]2- -
PR O EEr
with respect to . We use the formula
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the denominator g2 is positive (already g is positive) and the numerator is
—[(z — wjz-)2 + 7?— x] —[2(x — w?) + 'yf] (wf —z) =2 — 20.)]2- x— w?'y?- + wj‘ .

For the maximum the numerator has to be zero and the solutions

22
Ty = wj = wj £, w;j

are found. For v; < w; and 0 < w < Wjmax = 4 /w]? — 7; w; the numerator

F'g—g'f = (w?—w,;)? —’yf-wf- as well as the denominator g? are positive. So,

. . . . 2
f/g is increasing and we have a maximum. For w; max < w < 4 [w5 + Vjw;

the ratio f/g is then decreasing with a minimum at the second solution of
f'9—¢'f = 0. In between the imaginary part takes its maximum at w = w;.



