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Electrodynamics B (PHY 5347) Winter/Spring 2017 Solutions
Set 12

33. Cylindrical waveguide, TE;; mode power transmission.

The cutoff frequency follows as the d — oo limit from our discussion of the
cylindrical cavity,

w11 = = — .

JiER R

Using the time-averaged Poynting vector
S = iRe (E X E)
8T
and the TE mode

H? = ,(/J eikz 871/}

L ik ., .
=0, Ho=—vVw, E=-ZixH,,
on|g 2

where Z = pw/(ck) is the wwave impedance for the TE mode, one finds

. k R N2
S = o [z vtwﬂkwvtw} .

8y

We are only interested in the longitudinal energy ~ Z and the power flow
is obtained by integrating over the cross-sectional area:

_ . & _ wkp = .
P = /Az-s - W/A(W) (Vo) da

By means of Green’s first identity applied to two dimensions, P becomes

_ ;’ﬂkj b{ ¢—dl /vafzpda} ,

where the first integral is zero due to the BC. Using the wave equation for
the second integral, the transmitted power for mode ~3 is

_ wkhkap . cp w > w?\ vz
- sm/w fude = (M> (1—002) [ wvaa.

where in the last step 73 has been eliminated in favor of the cutoff frequency,

Y = Rewy/c and ky = \/fe\/w? — w3 /c. For the TE(; mode

cp w 2 wz 1/2
= — 1-= /d b
87 /e (wn) ( wz) A “wy




April 25, 2017 13:47 WSPC/Book Trim Size for 9in x 6in

and
¢ =HoJi(vj1p) e ?

for the mode in question. Thus

cp w )’ w2\ 2 " 5
P= — ) (1-=4) 2r|H 2/ dp [J1(7 :
8 \/jie (wu) ( w2) m | Hol P p [J1(711p)]

Using the integral as given in the problem the final result is

CH w \? wiy v 2 p2 1 ' 2
pP= — ) (1- = , 1-— :
8 Ve <w11> ( w?) Hol 18 ( x’ﬁ) )

34. Hertz vector.

P
FoP=0%AP —9PA~,  (A%) = (E) :
In the Lorentz gauge 0,A% = 0 holds and, therefore,
o8 _ OAP — 959 A% — OAP — T ja
0o, F*” =0A" — 070,A% =047 = — J% .
c

In components this reads

1 9% - 1PA  4rm -
29 -~ 90 _ 4 2fo 928 T
v c? ot? s v c? ot? ¢ I
(1) Continuity equation:
ap - 0 . o\
at—l—V-J— 3t(v p)+V (at>—0.

(2) Let & = a (v ‘1) and A = boIi/dt. Then,

1 2
a{ 2—02;2} (V H) = —adnV.-p =adrp = —4dnp = a = —1,
1927 (o1 op . Am - 1
2——7 _— = — _— = — = —— = —
b [V c28t2] <6t> bdn 2 bdr J p J =0 >

@:—(v-ﬁ), E:i%l:[.
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3
The Lorentz condition holds:
109 L 10 N 1_ ol
el -A:———( -H) “v.Z .
c Ot v c ot v + c v ot
(3) From the given Hertz vector we find
- o ) ) )k ) )
®=—V-I = —py cos(d) — (,r—l e—zwt+zkr) ~ _LRPO cos(6) eTiwttikr
or r
g: 1 aj — _iwpo 2efiwt+ikr.
c Ot cr

(5) The electric and magnetic fields are given by

B 12 Go.  Fovxdi.

Therefore, we have in the far field approximation (use V in spherical coor-
dinates)

2

ol W™ Po 2 AN —iwttikr
Ex — 0 b .
2, (=24 cos(0)7) e

Using 2 = cos(0) # — sin(0) § this is

— w po . A .
E~ sin(f) § e twitikr
c

For the magnetic field we have

iprA Aa efiwtqtikr
rTXZ——

w k po
c or r cr

B=-

Sin(a) qgefithrikr )

The E and B fields describe electric dipole radiation.
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35. Vector potential of two current loops.
We define

d
xo = cos(bp) = o with 79 = vV R2+d? and 2’ =cos(¢) .

The currents flow in ¢ direction and their densities are given by
Jém) = +T1 sin(6') §(cos b F cos ') gt 6(r' — 7o) .

Note the (correct) normalization

/ r'dr’ / o' J$ = +1
0 0

for the currents. Using Cartesian coordinates we have
7 1,2 . . 1,2 A
J2 = —J," sin(¢) & + J;7 cos(¢) G -

(a) For the calculation of the vector potential A we exploit cylindrical sym-
metry and choose the observation point at ¢ = 0, so that the sin(¢’) &
component does not contribute. It remains to calculate the §j component,
¢ =), r> 1’ now:

1 2 +1 o0 ik 17—
Ay = 7/0 d¢’ cos((b’)/ dcos@’/o r2dr’ J¢|7,

C -1 f*fw

etk |Z—Z |

| —

=/
r—x

! o —+1
| =dmiky ji(kr') b (kr) > Y, ™(0,0)Y," (0, ¢).
=0

m=—1

After the r’-integration we have

Ir 9] ' +1 .
Ay :47rsz0 Z]l(k’ro)hl‘"(k‘r) Z Y, (8, 9)

1= m=—1
+1 ’ 27
/ d cos 9’/ d¢’ cos(¢’) Ylm(9/7¢/)~
-1 0
As
d¢’ cos(¢') =0

0
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holds, it follows that Y,°, ¥;° and Y,° do not contribute. For Y;! =
—/3 sinf e*? /v/87, and similarly Y;™!, we have with 2/ = cos 6’

+1
lﬁldquizawwmfwﬂf5@o+fﬂ::Oa

and for Y, 2

2m
/ d¢' cos(¢') e'>? =0.
0

1 .
Y, = 71/8—5 sin@ cosfe'?,
T

and similarly Y, ', give identical leading contributions, which are electric

So,

quadrupoles. We have:

2
/ d¢/ cos(@) e ¥ =,
0

/+ dr' /1 — a2z [§(xg — ") — 6(z0 + )]

-1

=24/1—23x9 = 2sin(hy) cos(by),

and, adding Y, ! and Y{l contributions, in this approximation the potential
is

I
Ay = —% V307 sin(fo) cos(8o) i k A ja (kro) h (kr) Yy (6, 6 = 0) .
In the r — oo far field approximation we have

ezkr

hi(kr) =i

and, consequently,

ezkr

Ay(r,0) = A} sin(6) cos(f) "

with

I
Ag = 307k %jg(lﬂ“o) sin(fy) cos(bp) .



