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Electrodynamics B (PHY 5347) Winter/Spring 2017 Solutions
Set 3:

4. Magnetism in matter.

(1) For this magnetostatics problem with no free currents the relevant
Maxwell equations are

V-B=0 and VxH=0
with the associated boundary conditions (BCs)
7 (EQ — gl) =0.

r=a,b

-0, 7x (ﬁz—ﬁl)

r=a,b
(2) Since V x H =0 we have H = —V® and thus 0=V -B =V - (uﬁ)
From the BCs we get

Ozf'(§2—§1) =7- (Mz ﬁz—u1ﬁ1) =—uz%+m%

and, because of symmetry ®(Z) = &(r, ),

. P x 0 P ®
O:fx<H2—H1):f><(—V<I>2+V<I>1):rX (82 al).

R TAT)
(3) The solution is dictated by the behavior of the field at infinity:
li_>m B(f)=By=Byz = li_>m ®(F) = —Byz = —Bgr cosd = —Byr Pi(cosb).

Thus, we obtain for the P;(cos#) Legendre polynomials

®,(7) = Ar! P/(cosf) for r < a (no singular contribution),
C
Oy (7) = (Brl + rl+1> Pi(cosf) fora<r<b,
1 D
®3(77) = —0" Bor cost + —— Pi(cost) forr>b.
r
Using the BCs we obtain:

C o f L
Ad = Bal+ﬁ (continuity of 7 x H at r = a),

1A =p (lB— (l1+1) alCH) (continuity of #- B at r = a),

C D -
B + e —"Byb+ JEE! (continuity of 7 x H at r =b),
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_ C
L (lel 1—(z+1)bl+2> —

D _
— 6By — (1+1) =] (continuity of #- B at r =1b).

For [ > 2 a solution is A = B = C = D = 0 and it is the only
solution as long as the determinant of the associated linear system of
four equations with four unknowns is not zero. Thus, we keep only
=1

Aa:BaJrg2 (continuity of # x H at r = a),
a
2C - . B
A=yp B—a—3 (continuity of 7#- B at r = a),
c D ity of 7 x [ _
Bb—i—b—Q——Bob—i—b—2 (continuity of 7 x H at r =b),
2 2D -
pL(BC)BOb3 (continuity of 7+ B at r = b).
From the BCs at r = a we obtain

B= (1”“) A, C= (“1) WA,
3 3

and from the BCs at r = b we get

142 2(p—1 -1 2
B (12 g 2=l ol (B ey (258
3u 3u b3 3u 3u

Thus, the four unknown constant can all be determined in terms of
By. Eliminating B and C' in favor of A in the last two equations, these

become
L2\ ,_ (1+2p BO+2(M—‘1)D7
3 3u 3ubd

p—=1\ 3 p—=1\ 3 2+ p
T A=—|—— | b’ B —— | D
<3u>a (?w) o\ ’

with the solutions

—9b° u By p_ e+ (p=1) 0" —d’)b By

b3 (2p+1) (p+2) — 2a3 (u—1)2"’ B 2u+ 1) (n+2) —2a3 (u—1)2°
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The constants B and C for the region a < r < b are best expressed in
terms of A. That is,

B (1E22) 4 o= (P2L) 2a.
3u 3

Note that for By = 0 all coefficient become zero.

(4) In the limit ¢ — co we obtain A ~ By/p and, hence, A=B=C =0
(no field in the inner sphere) and
212 (b® — a®) b® By

D = b B,.
TNty °

Thus,

3
®(F) = 0 and P3(F) = (—Bor—&—;BO) cos 6

= —Boz+ - with mi =By 2.
We obtain
s s e b1 I
Bs(F) = =V&3(F) = Boz—(m-r)VT—g—r—?)V(m-r)
= 3(m-rm)r m = 3(Mm-7)r—m
:BO+%7T73 = B()+ ( Tg 5

i.e., we find a magnetic dipole correction to the constant magnetic field.

5. Faraday’s law of induction in a constant magnetic field.

We use the initial condition 1 = g at time t = 0, where 7 is the normal
to the surface.

(1) For the left-hand side we have to calculate

1o, S . .2 . N N
I with &, = /B-nda and N =¢ = —sin(wt)Z+cos(wt)y
¢ s

for the normal to the surface, where we use cylindrical coordinates and
¢ = wt. With B = By ¢ we obtain for the left-hand side the result

B = By cos(wt) and ®,, = By L? cos(wt),
1d

_ia _ 1 2
7 D, ¢ "By L7 w sin(wt).

sol03
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4
On the right-hand side the electric field E does not contribute, because
we have a constant magnetic field and, hence,
. 10 - Lo
VXE:—fa—B:O = %Ewﬂ:(),
c Ot C
so that the equation becomes
1 N -
- ?{ (17 x B) dl,
cJc
where the velocity is that of the line element dl. With p = \/z2 + y2
T=pwo=pw[—sin(wt) @+ cos(wt) 7]

Tx B=—pwBysin(wt)& x§ = —pw By sin(wt) 2.
Therefore, only the line elements in Z direction contribute, which are
at p = L/2. The integral becomes (note the right-handed orientation
of the loop)

1 -~ - Byl 0 L
7( (17>< B) Al = — 227 in(wi) V dzf/ dz]
c Jo 2¢ L 0
=c¢ By L*wsinwt).
(2) We have

= By (sin(wt) g—p + cosg.ut) (,% wpo
= Byw (sin(wt) é — cos(wt) [))

>

f/ (B . V) ¥-di = ¢ 'wByL? sin(wt).
5
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Further

c
because B is constant. Finally,

7 x B =—pw By sin(wt) 2,

V X pw By sin(wt) 2 = —w By sin(wt) p x 2 = +w By sin(wt) ¢ — w By sin(wt) p

and gZA) -n =1 implies

1 _
E/Vx (17>< B>~d(i = ¢ 'ByL?w sin(wt)
s

as before. The results are consistent with the vector relation

Vx (ixB) = (v-B) 7+ (B-V)5-(v-9) B~

We have now 1 = & and, therefore,
¢, = / B"flda: = BQL2 bln(wt) .
S

Differentiation with respect to the time gives

1d

-~ —®,=—c'ByL* .
il 20 ¢ "By L*w cos(wt)

This is the previous result phase-shifted due to different initial condi-

tions.

6. LCR circuit.

given by

Imax(w) = En;x = emax )
VI @) —wL? + B2
which implies for the resonance frequency

w 1 1 1
fo=75> =

T2t 2JIC 2n\2[H|2100[F] 4m10-3[s]

(7-V) B.

— 79.6[Hz].

sol03
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(2) Let émax = 100 [V] and wgy = 1207 [Hz]. Then,

1
Xo = —5= 1326.3[V/A], X = weol = 754.0[V/A],
100[V]

(Xe — X1)* + R?

=0.175[4],

[max (WGO) = \/

whereas at resonance frequency we have Iax(wo) = €max/R = 5[A4].
This is with 28.6 almost thirty times larger than the maximum for wgg.
For the charge maximum we have
€max o Imax(w)
Omal) = 7 =0

resulting in Qmax(weo) = 0.00046 [C] and Qmax(wo) = 0.01[C]. The

ratio is down to 21.6.
(3) The phase shift at 60 [H z] is rather small:

tand = ————— = —0.0349 = 0 = —-2°.

) z=x—1y

(2) |2| = +v/22 + ¥
1z  x—uy
2 2z a4y

3)
(4) z = |z| €' =re'®, tan(¢) =y/z.
(5) In cylindrical coordinates

27 27
Inzfdzznz Rie'?dpR"e'"? =i R*H! dgel (o
c 0 0

For n # —1:
- pn+1 T n+1
W= A e R (e _q) o,
i(n+1) 0 (n+1)
For n = —1:

d 27
1_1:7{—221' dp = 2ri.
c ? 0

sol03



