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Special and General Relativity (PHZ 4601/5606) Fall 2017 Solutions

Set 12

38. Retarded potential and Lorenz gauge.

In the retarded solution

Φµ({xν}) =
1

c

∫
d3y

Jµ(x0 − |~x− ~y|, ~y)

|~x− ~y|

for the potential we replace xν by xν + εν

Φµ({xν + εν}) =
1

c

∫
d3y

Jµ(x0 + ε0 − |~x+ ~ε− ~y|, ~y)

|~x+ ~ε− ~y|

and expand to order ε on the left hand side:

Φµ({xν}) + ερ
∂

∂xρ
Φµ({xν}) =

1

c

∫
d3y

Jµ(x0 + ε0 − |~x+ ~ε− ~y|, ~y)

|~x+ ~ε− ~y|
.

On the right hand side we substitute ~y = ~y ′ + ~ε and get

Φµ({xν}) + ερ
∂

xρ
Φµ({xν}) =

1

c

∫
d3y′

Jµ(x0 + ε0 − |~x− ~y ′|, ~y ′ + ~ε )

|~x− ~y ′|
,

where we used that the Jacobian is one, i.e., d3y = d3y′. We now expand

to order ε on the right hand side (note y′0 + ε0 = x0 + ε0 − |~x − ~y) and

obtain

ερ
∂

xρ
Φµ({xν}) =

1

c
ερ

∫
d3y′

|~x− ~y ′|
∂

∂y′ρ
Jµ(y′0, ~y )

As the ερ are arbitrary, we can drop them, and we can also eliminate the

prime on the integrations variable. So,

∂

xρ
Φµ({xν}) =

1

c

∫
d3y

|~x− ~y |
∂

∂yρ
Jµ({yν})

holds. Contracting σ with µ

∂

xµ
Φµ({xν}) =

1

c

∫
d3y

|~x− ~y |
∂

∂yµ
Jµ({yν}) = 0

follows due to current conservation on the right hand side, and the Lorenz

gauge ∂µΦµ = 0 is obtained on the left hand side.


