
Solution for assignment 14 set 4

Poisson Brackets

Let us consider functions g = g(qk, pk, t) and h = h(qk, pk, t). The Poisson bracket is
defined by

[g, h]
def
=

∑

k

(

∂g

∂qk

∂h

∂pk

−

∂h

∂qk

∂g

∂pk

)

.

The properties of the assignment are shown in the following:

1. Resulting in the definition of the total time derivative:

dg

dt
= [g, H] +

∂g

∂t
=

∑

k

(

∂g

∂qk

∂H

∂pk

−

∂H

∂qk

∂g

∂pk

)

+
∂g

∂t

=
∑

k

(

∂g

∂qk

q̇k +
∂g

∂pk

ṗk

)

+
∂g

∂t
.

2. Using ∂qj/∂pk = 0:

q̇j = [qj, H] =
∑

k

(

∂qj

∂qk

∂H

∂pk

−

∂H

∂qk

∂qj

∂pk

)

=
∑

k

δjk q̇k = q̇j ,

3. Using ∂pj/∂qk = 0:

ṗj = [pj, H] =
∑

k

(

∂pj

∂qk

∂H

∂pk

−

∂H

∂qk

∂pj

∂pk

)

=
∑

k

δjk ṗk = ṗj ,

4. Commutators of generalized coordinates and momenta:

[qi, qj] =
∑

k

(

∂qi

∂qk

∂qj

∂pk

−

∂qj

∂qk

∂qi

∂pk

)

= 0

as ∂qj/∂pk = 0 and ∂qi/∂pk = 0. Similarly

[pi, pj] =
∑

k

(

∂pi

∂qk

∂pj

∂pk

−

∂pj

∂qk

∂pi

∂pk

)

= 0 ,

while

[qi, pj] =
∑

k

(

∂qi

∂qk

∂pj

∂pk

−

∂pj

∂qk

∂qi

∂pk

)

=
∑

k

(δik δjk
− 0) = δij .

5. Angular momentum commutator:

[xi, Lj] =
∑

k

∑

l

∑

m

εjlm

(

∂xi

∂xk

∂(xlpm)

∂pk

−

∂(xlpm)

∂xk

∂xi

∂pk

)

=
∑

k

∑

l

∑

m

εjlm δik xl δmk =
∑

l

∑

m

εjlm δim xl =
∑

l

εjli xl =
∑

l

εijl xl .



[pi, Lj] =
∑

k

∑

l

∑

m

εjlm

(

∂pi

∂xk

∂(xlpm)

∂pk

−

∂(xlpm)

∂xk

∂pi

∂pk

)

= −

∑

k

∑

l

∑

m

εjlm δlk pm δik = −

∑

l

∑

m

εjlm δli pm = −

∑

m

εjim pm =
∑

m

εijm xm .

[Li, Lj] =
∑

k

∑

l

∑

m

∑

n

∑

r

εiklεjmn

(

∂(xkpl)

∂xr

∂(xmpn)

∂pr

−

∂(xmpn)

∂xr

∂(xkpl)

∂pr

)

=
∑

k

∑

l

∑

m

∑

n

∑

r

εiklεjmn (δkrδnrxmpl − δmrδlrxkpn)

=
∑

k

∑

l

∑

m

∑

n

εiklεjmn (δknxmpl − δmlxkpn)

=
∑

k

∑

l

(

∑

m

εiklεjmkxmpl −

∑

n

εiklεjlnxkpn

)

=
∑

k

∑

l

(

∑

m

εkliεkjmxmpl −

∑

n

εlikεlnjxkpn

)

=
∑

l

∑

m

(δljδim − δlmδij)xmpl −

∑

k

∑

n

(δinδkj − δijδkn)xkpn

= xipj − δij ~x · ~p − xjpi + δij ~x · ~p = xipj − xjpi .

This agrees with

∑

k

εijkLk =
∑

k

∑

l

∑

m

εijkεklmxlpm =
∑

k

∑

l

∑

m

εkijεklmxlpm

=
∑

l

∑

m

(δilδjm − δimδjl) xlpm = xipj − xjpi .


