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Electrodynamics A (PHY 5346) Fall 2016 Solutions

Set 3:

(7) Exercise (CW 5 points): Lorentz group Lie matrix generator.
The Matrix L is:

1% 19 1% 1%

o Uy 'y U

12, 1% 1% 1%

1% 1% 1% 1

(1) The matrix g is:
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By matrix multiplication:
—10% 1% 1% —1%

—gL — llO lll l12 113

(2) The transpose of L is:

ZOO Zol ZOQ ZOS loo I 120 130
Z: hO}}lﬁQﬁS _ 101l1112ll31
,lgolglfng,lgS 102112122132
l30 l31 l32 l33 103 Z13 123 133

(3) By matrix multiplication:
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(4) Set —gL = Lg and compare the components:

*loo = 100 *101 = *llo *102 = 420 *103 = *130
110 = lO1 I = 7111 Iy = 421 113 = 431
120 = 102 121 = 7112 122 = 422 123 = 432
130 = 103 l?’1 = —113 132 = —123 133 = —l33

The resulting matrix is:

0 19 19 1%
o0 1Yy I
0, =% 0 2
1% —1% —1%, 0

Exercise (5 points): Obtain the result of the previous Exercise dis-
cussing the elements of g*? ! 5” gvs = —1%. Performing the contractions
we get l~"‘(S = —[%. Using now the definition lNO‘CS = [;*, the following
equations are obtained (no summations, a = 0,1,2,3, i = 1,2,3 and
ji=1,23):

o =10=+1% =1% =-1% =0,

a a

Vo=1==1%=1%=+l,

=1 =40, =V, = -

and the resulting matrix is the same as before.
Exercise: A rotation and a boost generator.

For S5 we have

00 0 0 1000

N 2_ _ : o100
Ss= 101 0 o ®d (8)°=—lop with Log=| o
00 0 0 oo

Therefore, for n =1,2,3,...

(S3)2n = (—1)” 12’3 and (53)27l+1 = (—1)” 53
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(10)

and the result follows:

5 e w2n o0 w2n+1 g
Twes =1 1" —— 153 — -1
e +Z( ) (2n)! 122 Z( ) PIE
n=1 n=0
1 0 0 0
10 cosw sinw 0
" |10 —sinw cosw 0
0 O 0 1
Similarly we deal with K;:
0100 1000
1000 9 . 0100
K, = Ki) =1 h 1,5 =
1= o000 | @4 K7 =1ie with o=,
0000 0000

Therefore, for n =1,2,3,...

(K]_)Qn = 1172 and (K1)2n+1 = Kl

and
cosh( —sinh( 00
— wr o wint! —sinh¢ cosh¢ 00
K1 _q w 110 w Ko sin
¢ +; @n)! 112 7;) Cnr 0 0 10
0 0 01
Exercise: Four-dimensional Levi-Civita tensor.

(1) Using the Einstein summation convention of the left-hand side, but
not on the right-hand side, of the following equation we have

azf2v202 _ 181710
Jar029B1829717296162€ 2102 = Gar1019B1819v171 96161 € PO

The right-hand side is zero unless o 517101 are a permutation 7wy o3
of the numbers 0,1,2,3 and in that case

TOT1T2T3 __ (_1)3 €TOT1I 273

67\'(]7'{‘17T27|’3 :gﬂoﬂogﬂ'lﬂ‘lgﬂ'lTK‘Qgﬂ'lﬂ‘_ge )

which proves €,gy5 = —eP9,

(2) We have ea571516“B72’52 = 0 unless either v; = 9, d;7 = d3 or
v1 = 02, 01 = 72 or (otherwise one of the already used numbers will be
repeated by a or 8 of the sums). Therefore,

afy2de Y2 5§ 62 d2 § V2
€afryi6,€ =ad,? 57 +b0,% b
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holds. With no summation in the permutation indices my to w3 the
constants follow from

aBmam TOM T T T2
€afmams€ pmams = €xgmymams€ 0TI 4 Emymomams € 17om273 — _9 — a,
PT3T2 TOT1TT3T2 T1ITOT3T2 __ —
€afBroms€ A = €rgmimans€ + Eximomams€ 0 =42 = b.
(3) We have €np,,5,€27272°2 = 0 unless B27202 is a permutation of

B17191. There are six such permutations, so that the results is a sum
of the form

Cafrmids eaPanete = a1 5,8/132 5“7?2 56? + a2 56? 5’Y612 66?2 a3 56? 5’/132 56?2
B2 da 5 5 B Y25 Bag O
T 0105,70,205% +b205°0,1205 + 30570705,
where it follows from (no summation) €rym moms€ 0™ 72™ = —1 that

a; = —1 and b; =1 holds for i = 1,2, 3.

Exercise: Addition theorem for transverse velocity components.
In K’ the motion with velocity «/ is

x/i _ 071 u/z‘ :L'/O.
With respect to frame K the origin of K’ frame moves with speed v
along the ! axis of K. For i = 2,3 the Lorentz transformations give
then

mi _ :L'/i _ c’lu’iy(xo—ﬁxl).

Dividing by 2 gives the velocity components in K:

/1
—1, —1, 1 -1,1 —1, /i 1w Htw

cu'=c u 1—-0Fc u) =c u 1-8c ——

y(1-p ) v( B 1+u'1u/c2>’
where in the second step the already calculated equation for u! has
been inserted. Bringing everything to the common denominator gives

i = iy LFBUC) = B (u + )
1+ ulv/c?
p 1— 62 uli

- 71+u’1’u/02 - v (14 utv/c?)’

where 1 — 32 = 1/~42 was used in the last step.
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