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Electrodynamics A (PHY 5346) Fall 2016 Solutions

Set 4:

(12) Exercise: End of Spacetrip.

We use energy-momentum conservation

dp? dp?
dpl dpt

Ozdp: gr + ge ,
0 0

where the subscript r stands for rocket and e for exhaust. In the tem-
porary rest frame of the rocket we have

dpé:—vdm, dpi:mdu:mng,

where v is the velocity of the exhaust, dm the infinitesimal change of
rest mass of the rocket and du the infinitesimal velocity of the rocket.
Note that the exhaust may have no rest mass and our equation for dp}
(no 7) is not obvious. It follows from

_ dp}

dp® = —dp? = cdm and —B—dpg.

With this definition 3 = v/c is positive, because dp! is negative when
we choose dp! positive. Now, separation of variables gives

d m(T)d T
m_ 94 m:_g/da;sm(“”@):_w
v 0
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(1) The mass of the spaceship decreases with its proper time according
to

gT
m(T) = mg exp (——) .
v
(2) With v = 0.66¢ and after a trip of twenty years the remaining
fraction of the mass is m(20 years)/mgy = 2.68 x 10714,
(3) With v = ¢ it becomes m(20 years)/mg = 1.1 x 107°.
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(13) Exercise: Redshift.
The equation for the redshift is

A 2
(5) -1-7

With X = (729.2 [nm]) m?/(m? —4) and X = (364.56 [nm]) m?/(m? —4)
we find

ol

(14) Exercise: Relativistic energy-momentum conservation.
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Fig. 0.1 Comparison of f(M) = 2m — M with photon energy E.(M).
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(15)

1. The 4-vector energy-momentum conservation reads

m m / M? + p? E,
0 01 _ —-p Dy
0 + 0] 0 + 0
0 0 0 0

Therefore (eliminating p via p = p, = E5),
2m — E, = /M? + E2,
(2m — E,)* =4m® —4mE, + E2 = M* + EZ

_ 4m? — M?
B 4m '

By

2. The requested E, (M) values are: E,(0) = m,

m 15m 3m m m
B (3) =T+ Bm=" B(V2m) =T, B (3m)= .
3. The sketch is given in the figure.

Electromagnetic field tensor in E and B fields.
A. From the J° component we get

4 _
Ao F+0, F10+0, F20 495 F% = 7” JO=Adnp=V-E = 0,E'+0,E2+05 E3 .

Therefore, F°° = 0 by anti-symmetry, F!0 = B!, F20 = E? and F3° =
E3.
From the J' component we get

4
OoFt + 01 FM + 0o F + 0373 = %Jl = 0,B® — 03B — E" .

Therefore, FO' = —E' consistent with F'© = E', F11 = 0 by anti-
symmetry, F?!' = B3 and F3! = —B2.
From the J? component we get

47

OoF" + O F'2 + 0, F* + 03F* = — J* = 03B — 1 B® — Qo E*.
C

Therefore, F92 = —FE? F' = —B3% both consistent with anti-
symmetry, F?? = 0 by anti-symmetry and (new) F3? = B'.

sol04
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Using anti-symmetry all components are now determined and the F*8
field tensor reads

0 —E'—-E? -F3

E' 0 -B® B?

E? B3 (0 -B!

E3-B? B! 0

() =

The remaining equations from 5 = 3 can be used for consistency checks.

B. For g =0:
0 F* =8, B'+ 9, B>+ 9, B> =V -B=0.

For g =1:

O *F*' = —9yB' — 0, B> + 05 B> = —9yB' — (VX E)' = 0.
For g = 2:

Oa*F2 = 9y B2+ 0 E® — 03 E' = — 9, B2 — (Vx E)2 =0.
For g = 3:

0 "F® = —0,B* — 0, B>+ 0, E' = —9y B> — (Vx E)? = 0.
So,

V-B=0 and —aoé—vXE:o.



