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Electrodynamics A (PHY 5346) Fall 2016 Solutions

Set 11:

(34) Exercise E.48: Symmetry relation for spherical harmonics.

The proof will be by induction from m to m + 1. The differential

operators L± are explicitly given by

L+ = e+iφ
(

+
∂

∂θ
+ i cot θ

∂

∂φ

)
,

L− = e−iφ
(
− ∂
∂θ

+ i cot θ
∂

∂φ

)
.

Up to a real factor Y 0
l is given by

(L+)l Y −ll = (−1)l (L+)l sinl(θ) e−ilφ .

It follows that Y 0
l is real, because the ∂/∂φ differentiation produces

−il exp(−ilφ), so that the i exp(+iφ) factor in the ∂/∂φ part of L+

multiplies with il exp(−ilφ) to −1. Therefore, the relation

Y −ml = (−1)m Y
m

l

holds for m = 0, i.e., Y 0
l = Y

0

l . By induction hypothesis we have

(after multiplying both sides by L−)

L−Y
−m
l = (−1)mL−Y

m

l .

The explicit form of the differential operators shows L+ = −L−. Hence,

L−Y
−m
l = (−1)m+1L+Y

m

l = (−1)m+1
√

(l −m) (l +m+ 1) Y
m+1

l

holds together with

L−Y
−m
l =

√
(l −m) (l +m+ 1) Y −m−1l .

Comparing the right-hand sides of the last two equations gives

Y −m−1l = (−1)m+1 Y
m+1

l

and, hence, proves the induction.
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(35) Exercise E.51: Dirichlet Green function of a cylinder.

(a) We want to solve the eigenvalue problem

∂2Φ

∂ρ2
+

1

ρ

∂Φ

∂ρ
+

1

ρ2
∂2Φ

∂φ2
+
∂2Φ

∂z2
= −λ2 Φ

with Φ = 0 on the surface of the cylinder. We assume the cylinder to

be of radius ρ0 about the z-axis and of length L from z = 0 to z = L.

The separation ansatz Φ = R(ρ)Q(φ)Z(z) gives

d2Z

dz2
+ α2 Z = 0 ,

d2Q

dφ2
+m2Q = 0 and

d2R

dρ2
+

1

ρ

dR

dρ
+

(
k2 − m2

ρ2

)
R = 0

with m = 0, 1, 2, . . . and the constraint

α2 + k2 = λ2 .

The BC implies then

Z ∼ sin(αjz), αj =
πj

L
, j = 1, 2, . . . , Q ∼ e±imφ, m = 0, 1, 2, . . .

and R ∼ Jm(kmnρ), kmn =
xmn
ρ0

,

where xmn are the roots of the Bessel function of orderm, Jm(xmn) = 0,

n = 1, 2, . . . . The eigenfunctions with eigenvalues

λ2jmn = α2
j + k2mn

are

Φjmn = Ajmn sin(αjz) e
±imφ Jm(kmnρ) ,

where the Ajmn are normalization constants so that∫ ρ0

0

ρ dρ

∫ 2π

0

dφ

∫ L

0

dzΦj′m′n′(ρ, φ, z) Φjmn(ρ, φ, z) = δj′j δm′m δn′n

holds. Now for j′ = j, m′ = m and n′ = n∫ ρ0

0

ρ dρ Jm

(
xmn
ρ0

ρ

)2

=
ρ20
2
Jm+1 (xmn)

2
,
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∫ 2π

0

dφ ei(m
′−m) =

∫ 2π

0

dφ = 2π ,

∫ L

0

dz sin2

(
jπ

L
z

)
=

1

2

∫ L

0

dz

[
sin2

(
jπ

L
z

)
+ cos2

(
jπ

L
z

)]
=
L

2

and in the convention∇2GD = δ(~x
′−~x) the properly normalized Green

function is

GD (~r′, ~r) = − 2

π Lρ20

∞∑
j=1

∞∑
m=−∞

∞∑
n=1

λ−2jmn
J2
m+1(xmn)

×

sin(αjz
′) sin(αjz) e

im (φ′−φ) Jm(kmnρ
′) Jm(kmnρ) .

(36) Exercise E.52: Point charge at the center of a box.

(a) The separation ansatz

Φlmn(~r) = Fl(x)Gm(y)Hn(z)

gives the solutions of the eigenvalue problem

(∇2 + k2lmn)Fl(x)Gm(y)Fn(z) = 0

with BCs Φlmn = 0:

Fk(ξ) = Gk(ξ) = Hk(ξ) =

√
2

a

{
sin(kπξ/a) for k = 2, 4, . . . ,

cos(kπξ/a) for k = 1, 3, . . . .

In the convention ∇2GD = δ(~x
′ − ~x) the Dirichlet Green function is

then given by

GD (~r′, ~r) = −
∞∑

l,m,n=1

Fl(x
′)Gm(y′)Hn(z′)Fl(x)Gm(y)Hn(z)

k2lmn

with k2lmn =
π2

a2
(
l2 +m2 + n2

)
.
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(b) For a given charge distribution is the box and given BCs on its

surface the potential inside the box is then

Φ(~r) = −4π

∫
V

d3x′ ρ(~r′)GD (~r′, ~r) +

∫
S

d3a′Φ
∂

∂n′
GD .

For our case the BC on the surface is Φ = 0 and the second integral

vanishes. The charge distribution is a point charge at the origin, so

that

Φ(~r) = −4π

∫
V

d3x′ q δ(~r′)GD (~r′, ~r)

=
32 q

π a

∑
l,m,n=1,3,...

cos(lπx/a) cos(mπy/a) cos(nπz/a)

l2 +m2 + n2

(c) The induced charge density on the z = a/2 surface is

σ
(
z =

a

2

)
=

1

4π

∂Φ

∂z

∣∣∣∣
z=a/2

=
32 q

4π2 a

∑
l,m,n=1,3,...

cos(lπx/a) cos(mπy/a) sin(nπ/2) (−nπ/a)

l2 +m2 + n2

=
8 q

π a2

∑
l,m,n=1,3,...

n (−1)
n+1
2

cos(lπx/a) cos(mπy/a)

l2 +m2 + n2
.


