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Electrodynamics A (PHY 5346) Fall 2016 Solutions
Set 11:

(34) Exercise E.48: Symmetry relation for spherical harmonics.

The proof will be by induction from m to m + 1. The differential
operators L are explicitly given by

L, =e¢ti? (+8 +i Cot98> ,

00 oo

' 0 0
L = (2 4 I
e ( 20 +1 cotﬂa(b)

Up to a real factor Y, © is given by
(L)% 1 = (<) (L) sind ()1,

It follows that Y; O is real, because the 9/0¢ differentiation produces
—ilexp(—ilg), so that the iexp(+i¢g) factor in the 9/0¢ part of L,
multiplies with il exp(—il¢) to —1. Therefore, the relation

holds for m = 0, ie., Y 0= 710. By induction hypothesis we have
(after multiplying both sides by L_)

LY,™=(-1)"L.Y,".

The explicit form of the differential operators shows L, = —L_. Hence,

LY, = ()" Y, = ()" l—m)(+m+1) v,

holds together with

LY, =(1-m)(l+m+1)Yy, ™",
Comparing the right-hand sides of the last two equations gives
— m+1

lefmfl _ (_1)m+1 Yl

and, hence, proves the induction.
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35) Exercise E.51: Dirichlet Green function of a cylinder.
( y

(a) We want to solve the eigenvalue problem

0%® n 187@ n i82<1> n 0%®

dp*  pdp  p?0¢*  0z?

with ® = 0 on the surface of the cylinder. We assume the cylinder to

=-\®

be of radius pg about the z-axis and of length L from z =0 to z = L.
The separation ansatz ® = R(p)Q(¢)Z(z) gives

VA 9 d*Q 9
E_FQZ: , 7d¢2+ Q =0 and
d’R 1dR m?
—+-——+ |k -—= ]| R=0
iz T pap "t ( p2>
with m = 0,1, 2,... and the constraint
a2+ kK = N\

The BC implies then
mj

Z ~sin(a;z), a; = T i=12 ..., Q~etm™m m=0,1,2,...

and R~ Jm(kmnp)y kmn = Tmn s
Po

where x,,,, are the roots of the Bessel function of order m, J, () = 0,

n=1,2,.... The eigenfunctions with eigenvalues
2 2 2
)‘jmn = aj + kmn
are

Qimn = Ajmn sin(e;z) etime I (Emnp)
where the Aj,,, are normalization constants so that
£0 2w L o
[ oo [ do [ @62 @punp.6:2) = 853w B
0 0 0

holds. Now for 7/ = j, m'=m and n' =n

po Tmn \° PR 2
/ pdp Jm ( p) = % Im+1 (Tmn)™
0 Po
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(36

2w o, 2m
/ dpe'™—m = / dp = 2m,
0 0

L . L . .
1
/0 dz sin® <]L7T z) = 5/0 dz [sim2 <]L7T z) + cos? (‘7L7r z)}

and in the convention V2Gp = 6(& l —&) the properly normalized Green

function is
s} )\ 2

R eI Y e T

m+1 mmn)

sin(a;2') sin(e;2) €™ @9 o (knnp') T (Kmnp) -

) Exercise E.52: Point charge at the center of a box.

(a) The separation ansatz
Piinn (7) = Fi(2) G (y) Hn(2)
gives the solutions of the eigenvalue problem
(V? + kipn) Fi(2) G (y) Fr(2) = 0

with BCs ®4,,, = 0:

5 in(kr f ]§:2,4,...7
N

In the convention V2Gp = 6(Z — &) the Dirichlet Green function is

then given by

GrF =— 3 Fz(w’)Gm@')H<kl2'>ﬂ<x>am<y>Hn<z>
I,m,n=1 mn

2
with k7 = = % (I +m?+n?) .
a

solll
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(b) For a given charge distribution is the box and given BCs on its
surface the potential inside the box is then
0
() = —471'/ &2’ p(7) G (f’,f)+/d3a’¢>—/GD .
Vv S on
For our case the BC on the surface is ® = 0 and the second integral

vanishes. The charge distribution is a point charge at the origin, so
that

() —477/Vd3:v’q5(77’)GD (7,7
_ 32q Z cos(Irz/a) cos(mmy/a) cos(nrz/a)

Ta 124+ m24n2
l,m,n=1,3,...

(c) The induced charge density on the z = a/2 surface is

9
(:=3) = & 5l

_ 32¢ Z cos(Imz/a) cos(mmy/a) sin(nmw/2) (—nm/a)
l2 + m2 + n2

_ 8¢ Z n(_l)nT-H cos(lmx/a) cos(mmy/a) .

12 +m?2 + n?
l,m,n=1,3,... + +



