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Electrodynamics A (PHY 5346) Fall 2016 Solutions

Set 12:

(37) Expansion up to Cartesian quadrupoles.

(a) For |Z] > |Z'] we write

1

| — (7"2 _ 2.’)_7'51 +T/2)_1/2 —

o
=28 F PP T = T (14 )72

with e = =27 - Z'/r? + 2 /r? and |¢| < 1. The Taylor expansion of
f(1+€) about f(1) reads

FA+e) = f)+ef (1) +5 /(1) +O)
and in out situation
Fte = (407, FU+d =301+~

and f"(1+¢) = §(1 + )72,

4
Therefore, f(1) =1, f/(1) = —1/2 and f”(1) = 3/4 and up to order
€ we have
(Y R SR AT S N
&2/  r 7 73 2 73

and integration over the first two terms gives

. -
/dgzl pa) _a 0T

| -2/ 73

From the order €2 we keep only the term (2% - #’)?/r*. So we are
left with the task to integrate

1 72 3(2£'~f’)2
273 4 ré ’
which results in order of the terms in
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(38)

(40)

Note:
3
szz 'l‘]zji’r /dS//2 ( )
i=1 j=1
3
/dBJ?/ (ff/)2p(f,) _ /d3$/$/p Zzzz ZJ SUJ
=1 j5=1

We write the quadrupole moments as
Q7 =@ - QY with QY =3 [@ratel @), QF = [dersip@).

Results:

1
q22 Zi\/;/d%(x—iy)zp( = \/>/d3 (x* —izy — y*)?p(T)
_ % % QY —2iQ™2 — Q%) = 112 \/; QU —2iQ? — Q) |

15 1 /15
=g [Eazla-ip@ = -3\ @°-iQ").

soll2

_ 1 /5 3 2 oy o L[5 as aay 1 /5 g
q20f2\/47r/dx<3z o) = 51 (@F-QF) = 5/ 1-Q%.

Exercise E.55: Number of Cartesian multipoles.

There are [ + 1 ways to distribute ! entries on two histograms. So, for
three histograms we have

142441+ (1+1)=(1+1)([1+2)/2
possibilities.
Cartesian quadrupole moment of an ellipsoid.

(a) We have

1\ 2 2\ 2 3\ 2
(&) +(%) (%) =1 wm =2

p = const within the ellipsoid,

a, cg=b

and charge densit 7) =
& v Pl3) {0 otherwise.
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3
The total charge is
q:/ L, d3xp:(3102(:3p/ a3z’
(=) S (@)?<1
4
= 1010203,0 = ﬂ-apr

3
We write the quadrupole moments of the ellipsoid as
QY = ngg with Q”* /3 o Bzt 2l Qg:p/3 e d3xr? 69 .

2 (%) st o (%) <

These moments transform into

ng = 301 02 03 p d3.’IJI Ci C] {E/i !L‘/j
3 /i)2<1
3
QY =cce p/ d®z’ 6% Z(ck "2
(@<

k=1

We have Qg = 0 for i # j and the relevant integrals for g are of the
form

/ dPrartal = 6”/ B (z)? = QY =0fori#j
3 (29)2<1 3 (z9)2<1

and

1 +1
. . . 2r 2 4
/ 3z ()2 = / 3z (23)? = 27r/ rtdr / (cos0)? dcosf = rE_°T
HRICDES! r=|7|<1 0 -1 53 15
3

k:l

OT\»Q

With ¢! = ¢ = a and ¢35 = b

3 3q q
131: %2: 5az’ 35.13: 5b2, 11 _ 22 _ 33*7(2b2+a2)

= D=%D =%D = ¢
resulting into the traceless tensor given by

2q

Q11=Q22=%(a2—b2>, Q33=?(b2—a2).
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(41)

(b) The energy is

W = q®(0) — - E(0) -

| =

S i
i=1 j=1 Oz
With the normalization ®(0) = 0 and

S 3 o
P—P/S (Li>2<1d$€.’17—

i=1\ ot

the result for an external electric field E = E (2) £ becomes

33 dE qbv* dE

1
WﬁiéQS dz 10 dz

Exercise E.58: Dielectric sphere.

(a) We expand the potential into spherical harmonics. Due to the
axial symmetry we have only m = 0 contributions, which are Legendre
polynomials.

Inside: &5, = Z Aprt Py(cosb),
1=0

Outside : Py = Z {Bl U Pi(cosb).
1=0

For r — o0: ® - —FEyz = —FEyr cosf. This implies that the only
non-vanishing coefficient Bj is

B = —Ej.
BCs at r = R:
. 0D;, 1 0Pyt
T tial : = _ _ ZTout
angentia, R o6 |_." R 00 |_, ,
Normal : ¢ O®in =€ I%out .
or |,_g or |._p

soll2



November 29, 2016 12:3 WSPC/Book Trim Size for 9in x 6in

Dielectric sphere with epsilon = 4.0.

Matching for the tangential BC 9P,;/06 term by term (they are inde-
pendent functions of 6), we find:

C C
A1R:B1R—|—R7; jAlz_EO‘FRi;
Cy

andforlZQ: AZZW

Similarly we match for the normal BC P, term by term and find:

C

€1A1:—€2E0_2‘52R7£1),

dfor 1>2: elA = —(+1)e —2!
and for [ >2: ¢ z——("‘)e?W'

Putting the [ > 2 equations together we get

C _ (l+Dea G
R(I+1) leg R(2I+1)

= =0, 1>2 = A =0, [>2.

Let us define
€1
€9 '

soll2



November 29, 2016 12:3 WSPC/Book Trim Size for 9in x 6in sol12

Dielectric sphere with epsilon = 0.1.
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With this notation we have

Ch

EA1 = —Eo—Qﬁ.

Combining this with our other equation for A; gives

3 e—1
A = — E = 3F,.
1 (e—i—?) 0, C1 (€+2)R 0

Therefore,

3 3
by = — (€+2> Eyr cos(f) = — <€+2> Eyz,

e—1 R3
Pout = —Eoz+ <e+2> Ey =z cos(f) .

Note that the last term is the potential of a dipole. The electric fields
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are then
B Vo, = (—— ) &
mn L 05
3 S r2 By — 37 (7 - E,
Eout = =V @y = EO_( ) RS ( : 5( 0)> .
€+ 2 r

(b) Examples are given in the two figures.
(¢) The surface charge density is

1 L
Opol = E (Ecrmt - ElTn) = 7_‘_ - (Eout - Ein)

%EO cos(8) [(1 :2) - <E+;> (13)]

3 (e—1
= E <6—|—2> EO COS(Q) .




