October 25, 2016  8:42 WSPC/Book Trim Size for 9in x 6in

(21)

(22)

Electrodynamics A (PHY 5346) Fall 2016 Solutions

Set 7:

Exercise: Electric and magnetic fields for an infinitely long, straight
wire.

(a) We consider a cylinder of length L and radius p, which is centered
around the Z axis. The charge in the cylinder is = L X and the
surface area of its mantel is A = 27 p L. By symmetry reasons Gauss’s
law gives then

A
E(p)2rpL=41Q=4rLX = E(p)=2—
p

and as vector

Introducing the current I = v A and taking the non-relativistic limit
v — 1, we obtain the familiar result of magnetostatics (a special case
of the Biot-Savart law)

Exercise: Charge density from a potential (hydrogen atom).

Laplace’s equation for the problem is

2 _ : 72 —ar ﬁ
Ve0(r) = —4mw p(7)  with @(r)fre (1+ 2).

For r # 0 we use the Laplace operator in spherical coordinates and
have for the continuous part

1d d®
2 _ia [ ,a®
Ved(r) = 2 (r dr) .
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It is straightforward, but a bit lengthy, to calculate the derivatives
of the potential (algebraic programs like Maple and Mathematica are
well-suited for such tasks). The results are

dd
27 =
" dr

1d 5d® Jroz3q —or
—— (=) =+—c¢ .
r2 dr dr 2

The singular part is:

—qe " (1+ar+a??/2) ,

ge " (1+%) V2%=qe_°” (1—1—%) [—47 6 (F)] = —4m q (7).

Combining the results gives

— « —ar
plF) = g8 (F) = e

The nucleus has the point charge +¢q, which is surrounded by a contin-
uous charge distribution of charge

—q = /deagqem.
8w

The charge density is the one of the Hy wave function, p ~ ||?. This
separation into a singular and a smooth part is used for Ewald sums
in molecular dynamics simulations. See, for instance, chapter 12 of
Frenkel and Smit.

Exercise: Symmetry of Green functions which fulfill Dirichlet BCs.

Choosing d3y as integration variable, Green’s theorem reads
2, 20\ By — / A A
| oviv-vvioay = |05 - v 52 da
Let ¢ = Gp(7,7) and ¢ = Gp (7,2, so that
Vio=6(F-7), Vip=06G-7)
holds. We find

/‘/{GD(ﬁ’f)5(?7—f)—GD(*,f )6(;47—3:«‘)} By =0
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because for § € S (i.e., § on the surface) Gp(7,7) = Gp(7,% ) = 0.
Performing the integration over dy gives the desired result



