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——————————————————

The case of rectangular volume

V = lim
V→0

∫
V
dτ = lim

V→0

∫
V
dx dy dz (1)

is considered. S is the surface of V .

Gradient (Book p.66):

∇φ = lim
V→0

∫
S φd~σ∫
V dτ

(2)

= [φ(x, y, z + dz)− φ(x, y, z)]
dx dy ẑ

dx dy dz

+ [φ(x + dx, y, z)− φ(x, y, z)]
dy dz x̂

dx dy dz

+ [φ(x, y + dy, z)− φ(x, y, z)]
dz dx ŷ

dx dy dz

=
∂φ

∂z
dz

dx dy ẑ

dx dy dz
+
∂φ

∂x
dx

dy dz x̂

dx dy dz

+
∂φ

∂y
dy

dz dx ŷ

dx dy dz
=
∂φ

∂z
ẑ +

∂φ

∂x
x̂ +

∂φ

∂y
ŷ .
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Divergence (Book p.66):

∇ · ~A = lim
V→0

∫
S
~A · d~σ∫
V dτ

(3)

= [Az(x, y, z + dz)− Az(x, y, z)]
dx dy

dx dy dz

+ [Ax(x + dx, y, z)− Ax(x, y, z)]
dy dz

dx dy dz

+
[
Ay(x, y + dy, z)− Ay(x, y, z)

] dz dx

dx dy dz

=
∂Az
∂z

dz
1

dz
+
∂Ax
∂x

dx
1

dx
+
∂Ay
∂y

dy
1

dy

=
∂Az
∂z

+
∂Ax
∂x

+
∂Ay
∂y

.

Curl (Book p.66):

∇× ~A = lim
V→0

∫
S d~σ × ~A∫
V dτ

(4)
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d~σ × ~A =

dx dy ẑ ×
[
~A(x, y, z + dz)− ~A(x, y, z)

]
+ dy dz x̂×

[
~A(x + dx, y, z)− ~A(x, y, z)

]
+ dz dx ŷ ×

[
~A(x, y + dy, z)− ~A(x, y, z)

]
= dx dy ẑ × ∂ ~A

∂z
dz + dy dz x̂× ∂ ~A

∂x
dx

+ dz dx ŷ × ∂ ~A

∂y
dy

d~σ × ~A

dx dy dz
= ẑ × ∂ ~A

∂z
+ x̂× ∂ ~A

∂x
+ ŷ × ∂ ~A

∂y

= ŷ
∂Ax
∂ z
− x̂

∂Ay
∂ z

+ ẑ
∂Ay
∂ x
− ŷ ∂Az

∂ x

+ x̂
∂Az
∂ y
− ẑ ∂Ax

∂ y

= x̂

(
∂Az
∂ y
−
∂Ay
∂ z

)
+ ŷ

(
∂Ax
∂ z
− ∂Az
∂ x

)
+ ẑ

(
∂Ay
∂ x
− ∂Ax

∂ y

)
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Curl with Levi-Civita:

∇× ~A = lim
V→0

∫
S εijk x̂i dσj Ak∫

V dτ
(5)

with

dσ1 = dx2 dx3, dσ2 = dx3 dx1, dσ3 = dx1 dx2.

εijk x̂i dσj Ak =

x̂1 (dσ2 ∂2A3 dx2 − dσ3 ∂3A2 dx3)

+ x̂2 (dσ3 ∂3A1 dx3 − dσ1 ∂1A3 dx1)

+ x̂3 (dσ1 ∂1A2 dx1 − dσ2 ∂2A1 dx2)

εijk
x̂i dσj Ak
dx dy dz

=

x̂1 (∂2A3 − ∂3A2) + x̂2 (∂3A1 − ∂1A3)

+ x̂3 (∂1A2 − ∂2A1) = εijk x̂i ∂j Ak .
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