Mathematical Physics — PHZ 3113

Curl; Vector Integration Homework
(February 7, 2013)

The dual of the Euclidean electromagnetic
field tensor is defined by

1

" afl — 9 Eaﬂ,uVF,uV (1)
where the indices run from 1 to 4, the Ein-
stein convention 1s used and Fj;;, 1s an anti-
symmetric (i.e., Fy, = —Fy,,) rank two ten-
sor
0 ko Fi3 o by
(Fu) = —Fp 0 Fos  Foy

—Fi3 =k 0 fyy
—Fy =k —f3 0
1. Calculate the elements of *Fy, 5 in terms

of the independent elements of [}, and
write *Fj, g as a matrix.

Solution:

1
“Flg = 2(61234F34 + €1243F)3) = +F3y
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Pz = (@b +ezinki) = —Fy
"Iy = ;(614231723 + €1432032) = 413
"Ihg = ;(6231415714 + ez Fy1) = +Fy
"Iy = ;(624131713 +€2431F51) = —F13
"Iy = ;(634121712 +e340121) = +Fpo

0 +F3y —Foq4 +Fo3

(*Flg) = —I3y 0 Py —1I3
+Fon —Fqy 0 +F19

—Fo3 +Fi3 —F19 0

. The electromagnetic field tensor can be
written in form of derivatives of a 4-potential

Use this expression to proof the homoge-
neous Maxwell equations in their form

aoz* afl — 0. (3)
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Solution:

1
8& * ()45 — QEQBHVa&FMV
1

— QGQBuV a@ <6IMAV — ayAlu>
Now

E&BMV a@ aluAy — O

EOZB,UJV a@ ayA,u — O

because each time an antisymmetric ten-
sor 1s contracted with a symmetric tensor

(O 0y, and Oq 0y,). This proofs (3).

Remark: Therefore (2) implies that no
magnetic monopoles exist, because (3) in-
cludes (upon identification of the F and

B fields) the relation V - B = 0.



