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1. Write down the values of the cyclic per-
mutations of ε123 and then of ε213. Do
you get all 3D values this way? Which
are positive and which are negative?

ε123 = +1 , ε231 = +1 , ε312 = +1 , (1)

ε132 = −1 , ε321 = −1 , ε213 = −1 . (2)

We get all 6 non-zero values. The cyclic
permutations of ε123 are +1 and the cyclic
permutations of ε213 are −1.

2. In 3D
3∑
j=1

3∑
k=1

ε1jk aj bk = a2b3 − a3b2 , (3)
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3∑
j=1

3∑
k=1

ε2jk aj bk = a3b1 − a1b3 , (4)

3∑
j=1

3∑
k=1

ε3jk aj bk = a1b2 − a2b1 .(5)

3. In 3D
3∑
i=1

3∑
j=1

3∑
k=1

εijk x̂i aj bk = (6)

x̂1 (a2b3 − a3b2) +

x̂2 (a3b1 − a1b3) +

x̂3 (a1b2 − a2b1) =

~a×~b .

Definition of the determinant of
a nD matrix:∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a11 . . . a1n
. .
. .
. .
an1 . . . ann

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

(7)
n∑

i1=1
. . .

n∑
in=1

εi1...in a1i1 . . . anin .

2



4. In 2D
2∑
i=1

2∑
j=1

εij a1ia2j = ε12a11a22 + (8)

ε21a12a21 = a11a22 − a12a21 .

5. In 3D (using cyclic permutations)
3∑
i=1

3∑
j=1

3∑
k=1

εijk a1ia2ja3k = (9)

+a11a22a33 + a13a21a32 + a12a23a31
−a11a23a32 − a13a22a31 − a12a21a33
Notice that this corresponds to a well
known rule for evaluating the determi-
nant of a 3× 3 matrix.

6. Substitute in the previous expression

a11 = x̂1, a12 = x̂2, a13 = x̂3 . (10)

It becomes
3∑
i=1

3∑
j=1

3∑
k=1

εijk x̂ia2ja3k = (11)

x̂1 (a22a33 − a23a32) +

x̂2 (a23a31 − a21a33) +

x̂3 (a21a32 − a22a31) .
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7. Substitute in the previous expression

a21 = a1 , a22 = a2 , a23 = a3 , (12)

a31 = b1 , a32 = b2 , a33 = b3 . (13)

It becomes
3∑
i=1

3∑
j=1

3∑
k=1

εijk x̂iajak = (14)

x̂1 (a2b3 − a3b2) +

x̂2 (a3b1 − a1b3) +

x̂3 (a1b2 − a2b1) .

8. In 3D, write ~a×~b as determinant (book
p.23).

~a×~b =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x̂1 x̂2 x̂3
a1 a2 a3
b1 b2 b3

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(15)

9. Proof the 3D identity
3∑
i=1

εijkεilm = δjlδkm − δjmδkl (16)

by calculating the expression for the nine
possibilites of values for jk, i.e., 11, 12,
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13, 21, 22, 23, 31, 32, 33.

3∑
i=1

εi11εilm = 0 = δ1lδ1m − δ1mδ1l ,

3∑
i=1

εi12εilm = ε312ε3lm = δ1lδ2m − δ1mδ2l .

Now there are only two non-zero cases:
lm = 12 and lm = 21. One sees imme-
diately that left and right side of the last
equal sign agree in each case. Similarly,
this holds for the other values discussed
below.
3∑
i=1

εi13εilm = ε213ε2lm = δ1lδ3m − δ1mδ3l ,

3∑
i=1

εi21εilm = ε321ε3lm = δ2lδ1m − δ2mδ1l ,

3∑
i=1

εi22εilm = 0 = δ2lδ2m − δ2mδ2l ,

3∑
i=1

εi23εilm = ε123ε1lm = δ2lδ3m − δ2mδ3l ,

3∑
i=1

εi31εilm = ε231ε2lm = δ3lδ1m − δ3mδ1l ,

3∑
i=1

εi32εilm = ε132ε1lm = δ3lδ2m − δ3mδ2l ,
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3∑
i=1

εi33εilm = 0 = δ3lδ3m − δ3mδ3l .
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