PHY 5667 : Quantum Field Theory A, Fall 2015

October 22", 2015
Assignment # 6
(due Thursday November 5, 2015)

1. This problem teaches you how to calculate (0|T'¢(x1)...o(x,)|0) using canonical quanti-
zation. We have discussed some of its steps in class, and will complete the discussion on
Tuesday, Oct. 27. It could be beneficial for you to have a look at the problem before that
lesson.

Consider a quantum system of fields with Hamiltonian density H = Ho + H; where Hy =
T2+ 2(Vo)?+im?¢?, and H, is a function of (0, x) and ¢(0, x) and their spatial derivatives.
(It should be chosen to preserve Lorentz invariance, but we will not be concerned with this
issue here.) Let us define |0) to be the vacuum state of H such that H|0) = 0, and let us
instead denote by |(}) the vacuum state of Hy such that Hy|@) = 0. The Heisenberg-picture
field ¢(x) is

o(t,x) = ™ p(0,x)e 1|

while the interaction-representation or interaction-picture field is defined as
o1(t,x) = (0, x)e ot |

1.a Show that ¢;(z) obeys the Klein-Gordon equation, and hence is a free field.
1.b Show that ¢(x) = UT(t)¢;(2)U(t), where U(t) = etfote~# is unitary.

1.c Show that U(t) obeys the differential equation iU (t) = H;(t)U(t), where H,(t) =
eHot [T e=iHot j5 the interaction Hamiltonian in the interaction representation, and the
boundary condition is U(0) = 1.

1.d Show that if #; is specified by a particular function of the fields 7(0,x) and ¢(0,x),
show that H;(t) is given by the same function of the interaction-picture fields m(t, x)
and ¢;(t, x).

1.e Show that, for ¢ > 0,
t
U(t) = Texp {—z/ dt/HI(t')}
0

obeys the differential equation and boundary conditions of part (1.c). What is the
comparable expression for t < 0 ? (Hint: you might need to define a new ordering
symbol.)

1.f Define U(ty,ty) = U(t2)UT(t;) and show that for ¢, > ¢,

t2
—1 / dt’HI(t’)] .
t1

What is the comparable expression for to < t; 7

Ulta, t1) = T'exp




1.g For any time ordering show that U(ts,t;) = Ul(ts,t2)U(ts,t;) and that UT(t;,t;) =
Ul(ta, t1).

1.h Show that
O(xy) ... ¢(1) = Ul(tn, 0)01(20)U (tn, tn1)d1(n1) . .. Ulta, t1)r(z1)U(t1,0)

1.i Show that UT(t,,0) = U'(c0,0)U(0c0,t,) and also that U(t;,0) = U(t;, —0o)U(—o0, 0).

1.j Replace Hy with (1 —i€)Hy (e > 0, € < 1) (notice that this is related to the analytic
continuation used in defining the Feynman propagator), and show that (0]UT(oc0,0) =

(0]0)(0] and that U(—o0,0)]0) = |0)(0]0).
1.k Show that

(Ol (zn) - d(x1)[0) = (DU (00, t)bs(wn)U (0, tna)Pr(Tn1) -
L U(te, 1) dr(21) U (t, —00) 0) (0]0)]* .

1.1 Show that
(1T ¢ (@) ... p(@1)|0) = (BT pr(zy) . .. pr(wy)e S =M@ |0y [(D]0) | .
1.m Show that

1
<@|T6—ifd4x7-[1(m) W)) :

(0]0)[* =
Thus we have

DT pr(xy) ... prlay)e S Iatr@)|p)
<®|T6—ifd4x7{](x)|®> ’

01T ¢(xn) - .. p(21)]0) =

We can now expand the exponential on the right-hand side of the last equation in (1.m),
and use the formalism of a free-field theory to compute the resulting correlation functions.
This is the core of the perturbative approach to any interacting field theory.

2. Show that (0|T{¢(x1)p(x2)d(x3)}|0) = 0, and calculate (0|T{¢(z1)d(z2)p(x3)P(x4)}0).

3. The following Feynman diagram:

O y
represents a contribution to (0|7{¢(z)¢(y)}|0). Explain which term of the perturbative

expansion of (0|T{¢(x)p(y)}|0) corresponds to this diagram and write the corresponding
analytical contribution both in position space and in momentum space.



