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August 30th, 2018

Assignment # 1

(due Thursday September 6th, 2018)

1. It is often possible to derive a field theory as the limit of a discrete system. Perhaps the sim-
plest example is an infinite system of aligned point masses, m, separated by massless springs
of spring constant k and equilibrium length a. This model can be used to (approximately)
describe both the longitudinal vibrations of an elastic rod and the transverse oscillations of a
stretched string. Let ηi be the displacement from equilibrium of the ith point mass. Derive
the exact Lagrangian and the Euler-Lagrange equations for this system. Then consider the
limit

m, a→ 0 , k →∞ , µ = m/a and Y = ka fixed .

Replacing ηi by a smooth function η(x, t), show that in this limit the Lagrangian may be
written in the density form
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and write down the corresponding Euler-Lagrange equation. This is a notable equation
(which one?) that you have obtained as the continuous limit of a discrete system of coupled
harmonic oscillators!

2. The electromagnetic field may be specified by a vector Aµ(x, t), in terms of which the
Lagrange density of the field is

L(x) = −1

4
F µνFµν ,

where
Fµν = ∂µAν − ∂νAµ .

Derive the Lagrange equations for this system, and express them in terms of the free-space
field strengths E = −∂0A−∇A0 and B = ∇×A. How many of Maxwell’s equations does
this give, and why are the others also satisfied?


