PHY 5667 : Quantum Field Theory A, Fall 2018

October 2374, 2018
Assignment # 5
(due Tuesday November 6, 2018)

1. Problem 10.2 of Schwartz’s book.
By definition, a representation of SU(2) is a set of n X n matrices o1, 09, 03 that satisfy the
algebra [0y, 0;] = i€;j,0k. For n = 2 these are the Pauli matrices. In general, you can build
any finite dimensional irreducible representation of SU(2) through the following steps that
you are asked to complete:

1.a) In such generic representation, you can diagonalize o3. Its eigenvectors are n complex
vectors V; such that o3V; = \;V;. Define o1 = 01 £ 0y and show that o, V; and o_V;
either vanish or are eigenstates of o3 with eigenvalues (A\; 4+ 1) and (\; — 1) respectively.

1.b) Prove that one and only one eigenstate of o3, Viay, must satisfy o, Viax = 0. The
eigenvalue A\.x = J of Vijax is known as the spin. Similarly, prove that there is one and
only one eigenvector Vi, such that o_V;, = 0.

1.c) Since there are a finite number of eigenvectors, Vi, = (0_)NVipax for some integer N.
Prove that N = 25 such that n =25 + 1.

1.d) Construct explicitly the n =5 (five-dimensional) representation of SU(2).

2. Under a Lorentz transformation (A) Dirac (and Majorana) fields transform as,

V'(x) = DAY (A )

where, denoting by S*” the generators of Lorentz transformations in the Dirac spinor rep-
resentation, D(A) for an infinitesimal transformation can be written as,

D(A) =1+ %MWSW .

2.a) Find the form of the generators S*".

2.b) Find in this representation the explicit form of a finite rotation by an angle 6 about
the 2z axis.

2.c) Find in this representation the explicit form of a finite boost by rapidity 7 in the z
direction.

3. Consider Weyl spinors ¢, r and 9 r, and prove that 526’“2% and f}L{U“lpR transform as
Lorentz 4-vectors.

4. Extra credit. Problem 4.3 of Peskin and Schroeder’s book.



